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§1 Introduction
Three-dimensional basic problems of statics, pseudo-oscillations, general
dynamics and steady state oscillations of the thermoelasticity of isotropic
bodies have been completely investigated by many authors (see [7,8,9,12,18]
and references therein). In particular, exterior steady state oscillation prob-
lems have been studied on the basis of Sommerfeld-Kupradze radiation con-
ditions in the thermoelasticity, and the uniqueness theorems were proved
with the help of the well-known Rellich’s lemma, since the components of
the displacement vector and the temperature in the isotropic case can be
represented as a sum of metaharmonic functions (for details see [12]).
Unfortunately, the methods of investigation of thermoelastic steady
state oscillation problems developed for the isotropic case are not applicable
in the case of general anisotropy. This is stipulated by a very complicated
form of the corresponding characteristic equation which plays a significant
role in the study of far field behaviour of solutions to the oscillation equa-
tions (cf. [15,19]).
We note that the basic and crack type boundary value problems (BVPs)
for the pseudo-oscillation equations of the thermoelasticity theory in the
anisotropic case are considered in [3,14].
To the best of the authors’ knowledge the problems of thermoelas-
tic steady oscillations for anisotropic bodies have not been treated in the
scientific literature.
In the present paper we will consider a wide class of basic and mixed
type BVPs for the equations of thermoelastic steady state oscillations.
We will formulate thermoelastic radiation conditions for an anisotropic
medium (the generalized Sommerfeld-Kupradze type radiation conditions)
and prove the uniqueness theorems in corresponding spaces. To derive
these conditions we have essentially applied results of Vainberg [19,20,21].
Further, using the potential method and the theory of pseudodiffer-
ential equations on manifolds we will prove existence theorems in various
functional spaces and establish the smoothness properties of solutions.
§2 Basic equations
The system of equations of linear thermoelastodynamics of a homogeneous
anisotropic medium without external forces and heat sources reads (see
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[18], Ch.V)
ckjpqDjDqup(x, t)− ρD2tuk(x, t)− βkjDju4(x, t) = 0, k = 1, 2, 3
λpqDpDqu4(x, t)− c0Dtu4(x, t)− T0βpqDtDpuq(x, t) = 0,
(1)
where u = (u1, u2, u3)
T is the displacement vector, u4 is the temperature,
ckjpq = cpqkj = cjkpq are elastic constants, λpq = λqp are the heat con-
ductivity coefficients, c0 is the thermal capacity, T0 is the temperature of
the medium in the natural state, βpq = βqp are expressed in terms of the
thermal and elastic constants, ρ is the density of the medium; Dp = ∂/∂xp,
Dt = ∂/∂t; here and in what follows the summation over repeated indices
is meant from 1 to 3, unless otherwise stated; the superscript T denotes
transposition. In the sequel without any restriction of generality ρ = 1 is
assumed.
The formal Laplace transform with respect to t of equations (1) leads
to the so-called pseudo-oscillation equations of thermoelasticity
ckjpqDjDqup(x, τ)− τ2uk(x, τ)− βkjDju4(x, τ) = 0, k = 1, 2, 3,
λpqDpDqu4(x, τ)− c0τu4(x, τ)− τT0βpqDpuq(x, τ) = 0;
(2)
here τ = σ − iω is a complex parameter, ω ∈ lR and σ ∈ lR \ {0}. Substi-
tuting τ = 0 in (2), we get the equations of thermoelastostatics.
If all functions involved in (1) are harmonic time dependent
uk(x, t) = u
(1)
k (x) cosωt+ u
(2)
k (x) sinωt, k = 1, ..., 4, ω ∈ lR,
then we get the so-called steady state oscillation equations of thermoelas-
ticity
ckjpqDjDqup(x) + ω
2uk(x)− βkjDju4(x) = 0, k = 1, 2, 3,
λpqDpDqu4(x) + iωc0u4(x) + iωT0βpqDpuq(x) = 0,
(3)
where uk(x) = u
(1)
k (x) + iu
(2)
k (x), k = 1, ..., 4.
In the thermoelasticity the stress tensor {σkj}, the strain tensor {εkj}
and the temperature u4 are related by Duhamel-Neumann law
σkj = ckjpqεpq − βkju4, εkj = 1/2(Dkuj +Djuk), k, j = 1, 2, 3;
the k-th component of the vector of thermostresses, acting on a surface
element with the unit normal vector n = (n1, n2, n3) is calculated by the
formula
σkjnj = ckjpqεpqnj − βkjnju4 = ckjpqnjDqup − βkjnju4, k, j = 1, 2, 3.
(4)
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We can represent equations (2) and (3) in the matrix form
A(D, τ)U(x, τ) = 0, (5)
A(D,−iω)U(x) = 0, (6)
respectively, where
U = (u1, u2, u3, u4)
T = (uT , u4)
T , u = (u1, u2, u3)
T ,
A(D, µ) =
∣∣∣∣∣
∣∣∣∣∣
[C(D)− µ2I3]3×3 [−βkjDj ]3×1
[−µT0βkjDj ]1×3 Λ(D)− µc0
∣∣∣∣∣
∣∣∣∣∣
4×4
, (7)
C(D) = ||Ckp(D)||3×3, Ckp(D) = ckjpqDjDq, (8)
Λ(D) = λpqDpDq , (9)
Im = ||δkj ||m×m stands for the m ×m unit matrix. Further we introduce
the classical stress operator
T (D, n) = ||Tkp(D, n)||3×3, Tkp(D, n) = ckjpqnjDq , (10)
the thermostress operator
P (D, n) = ||[T (D, n)]3×3 , [−βkjnj ]3×1||3×4 , (11)
and the heat flux operator
λ(D, n) = λpqnpDq . (12)
Clearly,
[P (D, n)U ]k = σkjnj = [T (D, n)u]k − βkjnju4, k = 1, 2, 3.
From the physical considerations it follows that (see [6,18]):
a) the matrix ||λpq||3×3 is positive definite, i.e.,
Λ(η) = λpqηqηp ≥ δ0|η|2, δ0 = const. > 0; (13)
b) the quadratic form ckjpqekjepq is positive definite in the symmetric
real variables ekj = ejk, which implies the positive definiteness of the
matrix C(ξ), ξ ∈ lR3 \ {0}, i.e.
C(ξ)η · η = Ckj(ξ)ηjηk ≥ δ1|ξ|2|η|2, δ1 = const. > 0 (14)
for an arbitrary complex vector η ∈ C| 3; a · b = akbk denotes the scalar
product of two vectors.
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§3 Basic boundary conditions
Let Ω+ ⊂ lR3 be a bounded domain with a smooth connected boundary
∂Ω+ = S,Ω+ = Ω+ ∪ S and Ω− = lR3 \ Ω+. We assume that Ω+ (Ω−)
is occupied by a homogeneous anisotropic medium with the elastic and
thermal characteristics described above. We will consider the following
four boundary conditions on S:
[B(k)(D, n)U(x)]± = f (k)(x), k = 1, 2, 3, 4, (15)
where f (k) = (f
(k)
1 , f
(k)
2 , f
(k)
3 , f
(k)
4 )
T is a given vector and
B(1)(D, n) =I4, B
(2)(D, n) =
∣∣∣∣∣
∣∣∣∣∣
I3 [0]3×1
[0]1×3 λ(D, n)
∣∣∣∣∣
∣∣∣∣∣
4×4
,
B(3)(D, n) =
∣∣∣∣∣
∣∣∣∣∣
[P (D, n)]3×4
[0, 0, 0, 1]1×4
∣∣∣∣∣
∣∣∣∣∣
4×4
,
B(4)(D, n) =
∣∣∣∣∣
∣∣∣∣∣
[P (D, n)]3×4
[0, 0, 0, λ(D, n)]1×4
∣∣∣∣∣
∣∣∣∣∣
4×4
.
The symbols [.]± denote limits on S from Ω±, n(x) denotes the exterior
unit normal vector of S at x ∈ S. We call U(x) a solution of problem (Pωk )±
if U is a solution of (6) in Ω± and satisfies the boundary condition number
k of (15). The physical meaning of the boundary conditions is evident.
The boundary value problems (Pωk )
− can be interpreted as direct scatter-
ing problems where the boundary data are given from the incident wave.
For uniqueness one needs special radiation conditions at infinity essentially
connected with the real characteristic surfaces of the operator A(D,−iω).
Concerning the exterior BVPs formulated above for the operator A(D, τ)
it is well-known that the following conditions at infinity imply uniqueness:
uk(x) =
{
o(1) for τ = 0
O(|x|N ) for Re τ = σ > 0
,
(with a fixed positive N). It can be proved that for solutions of the homo-
geneous equation A(D, τ)U = 0 these conditions are equivalent to
Dβuk(x) =
{
O(|x|−1−|β|) for τ = 0
O(|x|−ν) for Re τ = σ > 0
, (16)
where ν is an arbitrary positive number, β = (β1, β2, β3) is an arbitrary
multi-index and |β| = β1 + β2 + β3 (see [1,11,16]).
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§4 Characteristic surfaces
In connection with the calculation of the fundamental matrices ofA(D,−iω)
via Fourier transform and the formulation of the radiation conditions we
must consider the characteristic surfaces which are defined by
M(ξ,−iω) := detA(−iξ,−iω) = 0, ξ ∈ lR3 . (17)
We have
M(ξ,−iω) = Λ(ξ)Φ(ξ, ω)− iωc0Φ˜(ξ, ω), (18)
where
Φ(ξ, ω) = det[C(ξ)− ω2I3], Φ˜(ξ, ω) = det[C˜(ξ)− ω2I3], (19)
with
C˜(ξ) = C(ξ) + ||c−10 T0βkjβpqξjξq||3×3.
It is clear that M(ξ,−iω) = 0 is equivalent to the system
Φ(ξ, ω) = 0, Φ˜(ξ, ω) = 0, ξ ∈ lR3. (20)
We assume the following conditions to be fulfilled [15,19]: The real zeros
of M(ξ,−iω) = 0 define m, 1 ≤ m ≤ 3, analytic (characteristic) surfaces
whose equations in the spherical co-ordinates (ρ, θ, ϕ) read
ρ = |ω|νk(θ, ϕ), k = 1, ..., m,
0 < ν1(θ, ϕ) < ν2(θ, ϕ) < ν3(θ, ϕ), for all (θ, ϕ).
The function M(ξ,−iω) admits the representation
M(ξ,−iω) = Φm(ρ, θ, ϕ,−iω)Ψm(ρ, θ, ϕ,−iω), (21)
where
Φm(ρ, θ, ϕ,−iω) = (−1)m
m∏
j=1
[ρ2 − ω2νj(θ, ϕ)],
and Ψm(ρ, θ, ϕ,−iω) is different from zero for any real ρ and ω. For every
direction x/|x| there exist 2m stationary points ±ξj = (ξj1, ξj2, ξj3) ∈ Sj such
that the exterior normal n(ξj) to Sj in ξ
j is n(ξj) = x/|x|, n(−ξj) =
−n(ξj). We suppose that ▽ξΦm(ξ,−iω) 6= 0 and the Gaussian curvature
κ(ξ) > 0 for all ξ ∈
m⋃
j=1
Sj . In the isotropic case where
ckjpq =λδkjδpq + µ(δkpδjq + δkqδjp) (λ, µ Lame´ module),
λpq =λθδpq, βkj = (2µ+ 3λ)αδkj = γδkj,
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we have Λ(ξ) = −λθ|ξ|2,
Φ(ξ, ω) = µ2(λ+ 2µ)(−|ξ|2 + ρω
2
λ+ 2µ
)(−|ξ|2 + ρω
2
µ
)2,
Φ˜(ξ, ω) = −µ2(λ˜+ 2µ)(−|ξ|2 + ρω
2
λ˜+ 2µ
)(−|ξ|2 + ρω
2
µ
)2,
with λ˜ = λ+ c−10 T0γ
2. Hence it is evident that the sphere
S1 : −|ξ|2 + ρω
2
µ
=0 (22)
is the only characteristic surface of multiplicity 2. But nevertheless, this
case is similar to the case of simple characteristics since all elements of the
adjoint matrix to A(−iξ,−iω) have the factor (−|ξ|2 + ρω2µ ) (see [12,21]).
A transversal isotropic material is characterized by 5 independent elas-
tic constants
c1111 = a, c1122 = b, c1133 = c, c3333 = d, c1313 = e.
Further, c2222 = a, c2323 = e, c2233 = c, c1212 =
1
2 (a− b) whereas the other
cijkl = 0,
λij = 0 for i 6= j, λ11 = λ22, βij = 0 for i 6= j, β11 = β22 .
The elements of C(ξ) are
C11(ξ) = aξ
2
1 +
1
2
(a− b)ξ22 + eξ23 ,
C22(ξ) =
1
2
(a− b)ξ21 + aξ22 + eξ23 ,
C33(ξ) = eξ
2
1 + eξ
2
2 + dξ
2
3 ,
C12(ξ) = C21(ξ) =
1
2
(a+ b)ξ1ξ2,
C13(ξ) = C31(ξ) = (c+ e)ξ1ξ3,
C23(ξ) = C32(ξ) = (c+ e)ξ2ξ3 .
We obtain C˜(ξ) if we replace in C(ξ) the constants a, b, c, d by
a˜ = a+c−10 T0β
2
11, b˜ = b+c
−1
0 T0β
2
11, c˜ = c+c
−1
0 T0β11β33, d˜ = d+c
−1
0 T0β
2
33,
respectively. For Φ(ξ, ω) we get (|ξ′|2 = ξ21 + ξ22)
Φ(ξ, ω) =
[
1
2
(a− b)|ξ′|2 + eξ23 − ω2
] [
ae|ξ′|4+
+ (ad− c(c+ 2e))|ξ′|2ξ23 + deξ43 − (a+ e)ω2|ξ′|2 − (e+ d)ω2ξ23 + ω4
]
.
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Since a˜− b˜ = a− b we have as a characteristic surface the ellipsoid
S1 :
1
2
(a− b)(ξ21 + ξ22) + eξ23 − ω2 = 0 .
It should be remarked that our theory works under the assumptions made
above. But thereby it is not covered the general anisotropic situation.For
the cubic crystal (3 elastic constants) the three characteristic surfaces de-
fined by Φ(ξ, ω) = 0 have double points on all three axes; for the orthotropic
material (9 constants) Φ(ξ, ω) = 0 can surely define three ellipsoids but
with constants far from reality. In fact our investigations include a new
method for the isotropic case.
§5 Fundamental matrices
Let Γ(0)(x) be the fundamental matrix of C(D), i.e.
C(D)Γ(0)(x) = δ(x)I3, (23)
and γ(0)(x) the fundamental solution of Λ(D), i.e.
Λ(D)γ(0)(x) = δ(x) . (24)
Then by Fourier transform
Fx→ξ [f ] =
∫
lR3
f(x)eixξdx, F−1ξ→x[g] = (2pi)
−3
∫
lR3
g(ξ)e−ixξdξ,
we obtain (see [13,14,15])
Γ(0)(x) = ||Γ(0)kj (x)||3×3 = F−1ξ→x[C−1(−iξ)]
= − 1
8pi2
1
|x|
2pi∫
0
C−1(aη)dϕ ,
(25)
where a = ||akj||3×3 is an orthogonal matrix with the property aTxT =
(0, 0, |x|)T , η = (cosϕ, sinϕ, 0)T and
γ(0)(x) = F−1ξ→x[Λ
−1(−iξ)] = −1
4pi
1√
detL
1√
L−1x · x, (26)
with L = ||λpq||3×3. Further let Γ(x, τ) be the fundamental matrix (be-
longing to the space of tempered distributions) of the operator
A(D, τ), τ = σ − iω, σ 6= 0 :
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Γ(x, τ) = ||Γkj(x, τ)||4×4 = F−1ξ→x[A−1(−iξ, τ)]. (27)
Note that there exists a positive number ε0 such that, if 0 < |σ| < ε0, then
detA(−iξ, τ) 6= 0 for all ξ ∈ lR3, A−1(−iξ, τ) ∈ L2(lR3).
Therefore the entries of the matrix (23) together with their derivatives
decrease more rapidly than any negative power of |x| as |x| → +∞.
We apply the results and arguments of the papers [15,19,20] and with
the help of the limiting absorption principle we construct the fundamental
solution of the operator A(D,−iω). For these fundamental matrices we
derive the asymptotic formulae at infinity and single out the dominant
singular part in a neighbourhood of the origin.
To this end we introduce a cut-off function h(ξ) with properties
h ∈ C∞(lR3), h(ξ) = h(−ξ), h(ξ) = 1 for |ξ| < ρ0, h(ξ) = 0 for |ξ| > 2ρ0,
where ρ0 is a positive number such that |M(ξ, τ)| = |detA(−iξ, τ)| ≥ 1 for
|ξ| ≥ ρ0 and |τ | < µ0 with some fixed µ0 > 0.
Theorem 1. Let x ∈ lR3 \ {0}. Then the following limits exist
lim
σ→0(σω>0)
Γ(x, σ − iω) = Γ(x, ω, 1),
lim
σ→0(σω<0)
Γ(x, σ − iω) = Γ(x, ω, 2),
where (r = 1, 2)
Γ(x, ω, r) = F−1ξ→x[(1− h(ξ))A−1(−iξ,−iω)]+
+ (2pi)−3V.P.
∫
lR3
h(ξ)A−1(−iξ,−iω)e−ixξdξ+
+ (−1)r+1 ipi
(2pi)3
m∑
j=1
(−1)j N(−iξ,−iω)| ▽Φm(ξ,−iω)|Ψm(ξ,−iω)dSξ,
(28)
N(−iξ,−iω) = ||Nkj(−iξ,−iω)||4×4 is the adjoint matrix to A(−iξ,−iω),
V.P.
∫
lR3
h(ξ)A−1(−iξ,−iω)e−ixξdξ = lim
δ→0
∫
|Φm(ξ,−iω)|>δ
h(ξ)A−1(−iξ,−iω)e−ixξdξ .
Theorem 2. The matrices Γ(x, ω, r) are fundamental matrices of the op-
erator A(D,−iω) and satisfy the following conditions:
i) Γ(x, ω, r) ∈ C∞(lR3 \ {0}) and in a neighbourhood of the origin
(|x| < 12 ) it holds
|DβxΓkj(x, ω, r)−DβxΓkj(x)| ≤ cϕ(kj)|β| (x), c = const. > 0,
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where
Γ(x) =
∣∣∣∣∣
∣∣∣∣∣ [Γ
(0)(x)]3×3 [0]3×1
[0]1×3 γ
(0)(x)
∣∣∣∣∣
∣∣∣∣∣
4×4
,
ϕ
(kj)
0 (x) = 1, ϕ
(kj)
1 (x) = − ln |x|, ϕ(kj)l (x) = |x|1−l, l ≥ 2,
for 1 ≤ k, j ≤ 3 and k = j = 4,
ϕ
(k4)
0 (x) = ϕ
(4k)
0 (x) = − ln |x|, ϕ(k4)m (x) = ϕ(4k)m (x) = |x|−m, m ≥ 1,
for k = 1, 2, 3, β is an arbitrary multi-index;
ii) if y varies in a bounded subset of lR3, then for sufficiently large |x|
Γ(x− y, ω, r) =
m∑
j=1
c(j)r (ξ
j,−iω)e(−1)r+1i(x−y)ξj |x|−1 +O(|x|−2),
(29)
where
c(j)r (ξ
j,−iω) = (−1)j N((−1)
r+1iξj,−iω)
2pi[κ(ξj)]1/2| ▽ Φm(ξj,−iω)|Ψm(ξj,−iω) .
The equation (29) can be differentiated any times with respect to x and y.
§6 Thermoradiation conditions
A function (vector, matrix) u(x) belongs to the class SKmr (Ω
−), r = 1, 2,
if it is C1-smooth in Ω− and for sufficiently large |x| the following relations
hold
u(x) =
m∑
j=1
u(j)(x), u(j)(x) = O(|x|−1),
Dpu
(j)(x) + i(−1)rξjpu(j)(x) = O(|x|−2), p = 1, 2, 3, j = 1, ..., m,
(30)
where ξj ∈ Sj corresponds to the direction x/|x|. A four-dimensional
vector U = (u1, u2, u3, u4)
T , satisfying conditions (30), will be called (m, r)-
thermo-radiating vector. Theorem 2 implies Γ(x, ω, r) ∈ SKmr (lR3 \ {0}).
In the isotropic case we have m = 1, and according to (22) ξ1 = k x|x| with
k = ω
√
ρ
µ . Therefore, (30) reads as
U(x) = O(|x|−1), ∂
∂xp
U(x) + i(−1)rk xp|x|U(x) = O(|x|
−2),
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from what the well-known Sommerfeld-Kupradze thermoelastic radiation
condition follows (see [12], Ch. III)
U(x) = O(|x|−1), ∂
∂(x/|x|)U(x) + i(−1)
rkU(x) = O(|x|−2).
This is the reason why the conditions (30) will be referred as generalized
Sommerfeld-Kupradze type radiation conditions in anisotropic thermoelas-
ticity.
§7 Green formulae and integral representation
of thermo-radiating vectors
We denote by A∗(D, τ) the operator formally adjoint to A(D, τ) :
A∗(D, τ) = AT (−D, τ); the upper bar denotes complex conjugate.
Let U = (u1, u2, u3, u4)
T , V = (v1, v2, v3, v4)
T ∈ C2(Ω+) ∩ C1(Ω+) be
regular vectors, A(D, τ)U,A∗(D, τ)V ∈ L1(Ω+), n(x) the exterior unit
normal vector at x ∈ S = ∂Ω+, S ∈ C2. Then the following Green
formulae hold∫
Ω+
A(D, τ)U · V dx =
∫
S
[B(D, n)U ]+ · [V ]+dS −
∫
Ω+
E(U, V )dx , (31)
∫
Ω+
{A(D, τ)U · V − U ·A∗(D, τ)V }dx
=
∫
S
{[B(D, n)U ]+ · [V ]+ − [U ]+ · [Q(D, n, τ)V ]+}dS,
(32)
∫
Ω+
{[A(D, τ)U ]kuk + 1
τT0
[A(D, τ)U ]4u4}dx
=
∫
S
{[B(D, n)U ]+k [uk]+ +
1
τT0
[u4]
+[λ(D, n)u4]
+}dS
−
∫
Ω+
{ckjpqDpuqDkuj + τ2|u|2 + 1
τT0
λkjDku4Dju4 +
c0
T0
|u4|2}dx ,
(33)
where B(D, n) = B(4)(D, n) is defined by (15), while
Q(D, n, τ) =
∣∣∣∣∣
∣∣∣∣∣ [T (D, n)]3×3 [τT0βkjnj ]3×1[0]1×3 λ(D, n)
∣∣∣∣∣
∣∣∣∣∣
4×4
,
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E(U, V ) = ckjpqDpuqDkvj + τ
2ukvk − βkju4Djvk
+λpqDqu4Dpv4 + c0τu4v4 + τT0v4βpqDpuq .
The similar formulas hold also for the domain Ω− if τ = 0 or Re τ > 0
provided the components of U and V satisfy decrease condition (16) at
infinity (the superscript “+”has to be changed by superscript “−” and
sign “+” in front of the surface integrals must be changed by the sign “−”
if n is the exterior normal to S). As for the case τ = −iω we have the
following
Theorem 3. Let ∂Ω− = S be C2-smooth and U be a regular (m,r)-
thermo-radiating vector in Ω−: U ∈ C2(Ω−) ∩ C1(Ω−) ∩ SKmr (Ω−). Let,
in addition, A(D,−iω)U ∈ L1(Ω−) and have compact support.
Then (n is exterior normal to S)
U(x) =
∫
Ω−
Γ(x− y, ω, r)A(Dy,−iω)U(y)dy
+
∫
S
{Γ(x− y, ω, r)[B(Dy, n(y))U(y)]−
− [Q(Dy, n(y),−iω)ΓT (x− y, ω, r)]T [U(y)]−}dSy, x ∈ Ω−.
(34)
§8 Uniqueness theorem
Theorem 4. Let U be a regular solution to the homogeneous problem
(Pωk )
− (k = 1, ..., 4) and U ∈ SKmr (Ω−) with r = 1 for ω > 0 and r = 2
for ω < 0. Then U = 0 in Ω−.
The proof needs integral theorem (33), representation formula (34)
and asymptotics (29). The details are carried out in [22].
§9 Potential type operators
We introduce the following generalized single- and double-layer potentials
constructed by the fundamental matrix Γ(x− y, ω, r):
V (g)(x) =
∫
S
Γ(x− y, ω, r)g(y)dSy, x ∈ lR3 \ S, (35)
W (g)(x) =
∫
S
[Q(Dy, n(y),−iω)ΓT (x− y, ω, r)]Tg(y)dSy, x ∈ lR3 \ S,
(36)
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where g = (g1, g2, g3, g4)
T is a density vector. From Theorem 2 it follows
that the potentials (35),(36) have the same mapping properties as the cor-
responding potentials of elastostatics constructed by the matrix Γ(x) (cf.
[10],[15]). We formulate them in the form of three lemmata. In the sequel
we provide that t ≥ 0 is an integer and 0 < γ < γ′ ≤ 1.
Lemma 5. Let S ∈ Ct+1+γ′ . Then for an arbitrary summable g the
potentials V (g) andW (g) are C∞-smooth solutions of (6) in Ω± and belong
to the class SKmr (Ω
−). The following jump relations hold
[V (g)(z)]+ =[V (g)(z)]− =: Hg(z), g ∈ C(S),
[B(Dz, n(z))V (g)(z)]
± =(∓1
2
I4 +K1)g(z), g ∈ Cγ(S),
[W (g)(z)]± =(±1
2
I4 +K2)g(z), g ∈ Cγ(S),
[B(Dz, n(z))W (g)(z)]
+ =[B(Dz, n(z))W (g)(z)]
−, g ∈ C1+γ(S), t ≥ 1,
with the following boundary integral operators (z ∈ S)
Hg(z) =
∫
S
Γ(z − y, ω, r)g(y)dSy, (37)
K1g(z) =
∫
S
[B(Dz, n(z))Γ(z − y, ω, r)]g(y)dSy, (38)
K2g(z) =
∫
S
[Q(Dy, n(y),−iω)ΓT (z − y, ω, r)]Tg(y)dSy, (39)
Lg(z) := lim
Ω±∋x→z∈S
B(Dx, n(x))W (g)(x) . (40)
Lemma 6. The operators
H : [Ct+γ(S)]4 → [Ct+1+γ(S)]4, S ∈ Ct+1+γ′ ,
K1,K2 : [Ct+γ(S)]4 → [Ct+γ(S)]4, S ∈ Ct+1+γ′ ,
L : [Ct+1+γ(S)]4 → [Ct+γ(S)]4, S ∈ Ct+2+γ′ ,
V : [Ct+γ(S)]4 → [Ct+1+γ(Ω±)]4, S ∈ Ct+1+γ′ ,
W : [Ct+γ(S)]4 → [Ct+γ(Ω±)]4, S ∈ Ct+1+γ′
are bounded.
Lemma 7. The operators H, ±12I4 +K1, ±12I4 +K2, L are elliptic pseu-
dodifferential operators (ΨDO) of order −1, 0, 0, 1, respectively, with index
equal to zero.
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Detailed proofs of Lemmata 5-7 are given in [22]. Especially, there are
written the principal symbol matrices of the boundary integral operators.
On the basis of the above results we can investigate the non-homoge-
neous exterior BVPs of steady state thermoelastic oscillations.
§10. Existence results
First, we present an auxiliary lemma which is essentially used in the proof
of existence theorems.
Lemma 8 Let g ∈ C1+γ(S), S ∈ C2+γ′ , 0 < γ < γ′ < 1, and consider the
potential
U(x) =W (g)(x) + p0V (g)(x), S = ∂Ω
±, (41)
p0 = p1 + ip2, p1 ≥ 0, p2sgn ω < 0.
If the vector U(x) vanishes in Ω−, then the density g = 0 on S.
The proof follows immediately from formula (33). In the sequel we fix
the complex number p0 = 1− iω, where ω is the oscillation parameter. We
look for a solution of problem (Pωk )
− in the form (41). By virtue of the
boundary condition (15) and Lemma 5 we get the following pseudodiffer-
ential equation (ΨDE) on S for the unknown density vector g:
Nkg = f (k), (42)
where
Nkg(z) = {B(k)(D, n)[W (g)(z) + p0V (g)(z)]}−.
Due to Lemma 5 it is evident that
N1 = −1
2
I4 +K2 + p0H,
N2 =
∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
[{−1
2
I4 +K2 + p0H}ql]3×4
[{L+ p0(−1
2
I4 +K1)}4l]1×4
∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
4×4
,
N3 =
∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
[{L+ p0(1
2
I4 +K1)}ql]3×4
[{−1
2
I4 +K2 + p0H}4l]1×4
∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
4×4
,
N4 = L+ p0(1
2
I4 +K1).
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Further, from Lemma 6 it follows that, if S ∈ Ct+2+γ′ , then
N1 : [Cs+γ(S)]4 → [Cs+γ(S)]4, 0 ≤ s ≤ t+ 1, (43)
N2 : [Cs+1+γ(S)]4 → [Cs+1+γ(S)]3 × [Cs+γ(S)], 0 ≤ s ≤ t, (44)
N3 : [Cs+1+γ(S)]4 → [Cs+γ(S)]3 × [Cs+1+γ(S)], 0 ≤ s ≤ t, (45)
N4 : [Cs+1+γ(S)]4 → [Cs+γ(S)]4, 0 ≤ s ≤ t. (46)
Applying the uniqueness Theorem 4 and Lemmata 7 and 8 we establish
that the operators (43)-(46) are isomorphisms for an arbitrary oscillation
parameter ω.
The material collected until now is sufficient to prove the existence
theorems.
Theorem 9. Let S ∈ Ct+2+γ′ and the boundary data in (15) have the
following smoothness (0 < γ < γ′ ≤ 1):
f
(1)
j ∈ Ct+1+γ(S), j = 1, ..., 4,
f
(2)
j ∈ Ct+1+γ(S), j = 1, 2, 3, f (2)4 ∈ Ct+γ(S),
f
(3)
j ∈ Ct+γ(S), j = 1, 2, 3, f (3)4 ∈ Ct+1+γ(S),
f
(4)
j ∈ Ct+γ(S), j = 1, ..., 4.
Then the problem (Pωk )
− has a unique regular solution of the class
Ct+1+γ(Ω−) ∩ SKmr (Ω−) and is representable in the form (41) with the
density g ∈ Ct+1+γ(S) defined by the uniquely solvable ΨDE (42).
We note that the special representation (41) reduces the boundary
value problem (Pωk )
− to the equivalent uniquely solvable boundary pseu-
dodifferential equation (42) for an arbitrary value of the frequency param-
eter ω. If one would look for the solution in the form of either single- or
double-layer potentials then such equivalency will be violated in general
(see [7,8],[15, Remark 5.7]).
§11 Interface and mixed interface problems
At the end we give a survey about interface and mixed interface problems
which were solved in the last time. We consider the model problem that
the piecewise homogeneous composed anisotropic body consists of two con-
nected domains: a bounded domain Ω1 = Ω
+ and its complement Ω2 =
Ω− = lR3 \ Ω1. Thus the whole space lR3 can be considered as a piecewise
homogeneous anisotropic body with one interface surface S = ∂Ω+ = ∂Ω−.
For the mixed interface problems let S be divided by a curve γ into two
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parts S1 and S2 : S = S1 ∪ S2 ∪ γ, Sj = Sj ∪ γ. All quantities related to
Ωl will be denoted by “l” over it. Thus u
l
(x) = (u
l
1(x), u
l
2(x), u
l
3(x))
T is the
displacement vector in Ωl, C
l
(D), T
l
(D, n) are the operators (8),(10) with
the elastic constants c
l
kjpq of Ωl (l = 1, 2). We will formulate the problems
for elastic oscillations. Then u
l
(x) has to satisfy
C
l
(D,ω)u
l
(x) := (C
l
(x)(D) + ω2I3)u
l
(x) = 0, x ∈ Ωl. (47)
The interface conditions on S are the following:
Problem C : [u
1
]+ − [u2 ]− = f, [T
1
u
1
]+ − [T
2
u
2
]− = F, (48)
Problem G : [n · u1 ]+ − [n · u2 ]− = ϕ1, (49)
[n · T
1
u
1
]+ − [n · T
2
u
2
]− = ϕ2, (50)
[ν · T
1
u
1
]+ = ψ3, [ν · T
2
u
2
]− = ψ4, (51)
[τ · T
1
u
1
]+ = ψ5, [τ · T
2
u
2
]− = ψ6, (52)
Problem H : (49),(50) and
[ν · u1 ]+ = ϕ3, [ν · u
2
]− = ϕ4, [τ · u
1
]+ = ϕ5, [τ · u
2
]− = ϕ6. (53)
Here ν, τ, n are orthonormal vectors, n is the exterior normal to S.
The mixed interface conditions are as follows:
Problem C-G : condition C on S1, condition G on S2,
Problem C-H : condition C on S1, condition H on S2,
Problem C-D : condition C on S1, [u
1
]+ = f+, [u
2
]− = f− on S2,
Problem C-N : condition C on S1, [T
1
u
1
]+ = F+, [T
2
u
2
]− = F− on S2.
In the special case when we have homogeneous material, i.e. c
1
kjpq = c
2
kjpq,
f = 0, F = 0 on S1, then the vector u(x) = u
l
(x) for x ∈ Ωl is C∞-smooth
along S1. This means that the interface S1 is erased. Thus we obtain
problems G, H, screen problem D, and crack problem N for lR3 \ S2.
The solutions have to satisfy Sommerfeld-Kupradze radiation condi-
tions SKr(Ω
−) which are formulated with the help of the characteristic
surfaces S1, S2, S3 defined by Φ
2
(ξ, ω) = 0 in the form (see [10]):
u
2
(x) =
3∑
j=1
u(j)(x), u(j)(x) =O(|x|−1),
Dpu
(j)(x) + i(−1)rξjpu(j)(x) =O(|x|−2), (54)
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where ξj ∈ Sj corresponds to the direction x/|x|. By means of gener-
alized Fourier transform technique and limiting absorption principle the
fundamental matrices Γ
l
(0)(x, ω, r) of
C
l
(D,ω)Γ
l
(0)(x, ω, r) = δ(x)I3 (55)
can be constructed belonging to SKr(lR
3\{0}). Here (54) are the radiation
conditions for the outgoing (r = 1) and incoming (r = 2) waves.
All problems were solved by a uniform method. First, an explicit
solution of problem C was constructed by the Cauchy data f, F . Then
an Ansatz in form of the solution of problem C leads to boundary integral
equations with ΨDOs for the unknown Cauchy data. The problems C,G,H
can be handled in Ho¨lder spaces. Solutions of the mixed interface problems
we find in the Sobolev spaces
u
1
(x) ∈W 1p (Ω1), u
2
(x) ∈W 1p,loc(Ω2), u
2
(x) ∈ SKr(Ω2), p > 1.
The boundary conditions are to be understood in the trace sense. The trace
of u
l
on S belongs to the Besov space B
1−1/p
p,p (S), while [T
1
u
1
]+, [T
2
u
2
]− ∈
B
−1/p
p,p (S) becomes sense with the help of the Green’s formula. Therefore,
it is necessary to study the boundary integral operators in Besov and Bessel
potential spaces.
For the proof of uniqueness the following Rellich like Lemma is essen-
tial.
Lemma 10 [14]. Let u be a regular solution of
C(D,ω)u(x) = 0 in Ω−, u ∈ SKr(Ω−) and
Im
∫
Σρ
(Tu)kukdΣρ = 0 for arbitrary ρ > ρ0,
where ρ0 is some positive constant and Σρ is a sphere of radius ρ centered
at the origin. Then u = 0 in Ω−.
From this lemma follows the uniqueness for the problems C, C-G, C-H,
C-D, C-N. For the problem G we have uniqueness if ω is not an eigenvalue
of the homogeneous boundary value problem:
C
1
(D,ω)u(x) = 0 in Ω1, [T
1
u]+ = 0, [u · n]+ = 0.
For uniqueness of problem H the frequency ω should not be an eigenvalue
of:
C
1
(D,ω)u(x) = 0 in Ω1, [u]
+ = 0, [(T
1
u) · n]+ = 0.
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Now we give the solution of problem C. We consider the potentials of the
single and double layer with the density vector g = (g1, g2, g3)
T :
v
l
(g)(x) =
∫
S
Γ
l
(0)(x− y, ω, r)g(y)dSy,
w
l
(g)(x) =
∫
S
[T
l
(Dy, n(y))Γ
l
(0)(x− y, ω, r)T ]T g(y)dSy,
and the boundary operators
K
l
∗g(z) =w
l
(g)(z), H
l
g(z) = v
l
(g)(z), z ∈ S,
K
l
g(z) =
∫
S
T
l
(Dz, n(z))Γ
l
(0)(z − y, ω, r)g(y)dSy, z ∈ S,
L
l
g(z) =[T
l
(Dz, n(z))w
l
(g)(z)]±, z ∈ S.
The operators H
l
, K
l
∗, K
l
, L
l
are ΨDOs of order −1, 0, 0, 1, respectively.
Then the unique solution of problem C can be represented in the form
u
1
(x) =w
1
(h
1
)(x) for x ∈ Ω1,
u
2
(x) =(w
2
+ νv
2
)(h
2
)(x) for x ∈ Ω2, ν = ν1 + iν2, ν2 6= 0,
(56)
with
h
1
=Ψ−1(F −Ψ2Φ−12 f),
h
2
=Φ−12 Φ1Ψ
−1F − Φ−12 Φ1Ψ−1Ψ2Φ−12 f − Φ−12 f ,
Φ1 =
1
2
I3 +K
1
∗, Φ2 = −1
2
I3 +K
2
∗ + νH
2
,
Ψ1 =L
1
, Ψ2 = L
2
+ ν
(
1
2
I3 +K
2
)
, Ψ = Ψ1 −Ψ2Φ−12 Φ1.
If S is C∞-smooth, t ≥ 0 an integer, 0 < α < 1, 1 < p < ∞, 1 ≤ q ≤ ∞,
s ∈ lR, then the following table gives information about the regularity.
f F h
1
, h
2
u
1
u
2
Ct+1+α(S) Ct+α(S) Ct+1+α(S) Ct+1+α(Ω1) C
t+1+α(Ω2)
Bs+1p,q (S) B
s
p,q(S) B
s+1
p,q (S) B
s+1+1/p
p,q (Ω1) B
s+1+1/p
p,q,loc (Ω2)
Hs+1p (S) H
s
p(S) H
s+1
p (S)
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The Ansatz (56) for solving the problems formulated above leads to
ΨDEs for the unknown Cauchy data:
Problem known known unknown order of
on S1 on S2 on S2 ΨDO on S2
C-G f, F f · n, F f · ν, f · τ 1
C-H f, F f, F · n F · ν, F · τ −1
C-D f, F f F −1
C-N f, F F f 1
For the proof of the Fredholmness of the ΨDOs we use theorems from
the theory of pseudodifferential equations on manifolds with boundary. We
obtain unique solutions for the mixed interface problems in the Sobolev
spaces for 43 < p < 4. Under additional assumptions on the interface data
we prove the existence of solutions in Besov spaces, Bessel potential spaces
and Ho¨lder spaces Cα(Ωl) but only with α ∈ (0, 12 ).
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